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Abstract: In this paper, the relativistic fluids with the negligible magnetic field in the
flat metric are studied. The iso-dimension scale is introduced, in this scale, all similar
components of a variable have the same dimension. Also, the components of shear, bulk
and heat flux tensors and the components of energy-momentum tensors are calculated in
cylindrical and spherical coordinate systems, all these components are derived in the iso-
dimension scale. The non-relativistic shear, bulk, and heat flux tensors and the components
of energy-momentum tensor are derived in the limit of the relativistic fluids. Also, the
connection of relativistic and non-relativistic fluids are seen. So, some distinctions of the
relativistic and non-relativistic fluids are displayed, for example, in the relativistic fluids,
the time derivative of velocity is created the shear stress tensor and time derivative of
velocity and temperature is created the heat flux energy-momentum tensor, etc.
Keywords: Relativistic fluids, Components of energy-momentum tensor, Connection of
relativistic and non-relativistic fluids.
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1 Introduction
In astrophysics, the relativistic fluids are used to study black holes, accretion disks, neutron
stars, white dwarf, X-ray binaries, etc. The influences of the relativistic viscosity and heat
flux were studied by many authors. In [16] a simple form of relativistic shear viscosity in
the Cartesian coordinate system for study the neutron stars was used, so, bulk viscosity
and heat conduction were neglected in the transformation processes. In [5] the influences
of simple and relativistic shear viscosity was applied for study the shape of thick accretion
disks, this shear viscosity was created because of coupling between shear viscosity and
curvature. In [1] the influences of shear viscosity in the stability of neutron stars were
studied. [7] used the non-relativistic heat conduction in the study of relativistic stars . In
[10], the influences of relativistic shear and bulk viscosity in the thermodynamics quantities
of accretion disks in the Kerr metric was studied . In some studies, the causal viscosity
was used to study of relativistic accretion disks around the rotating black hole ([17], [3],
etc.) In a wide range of papers, the relativistic heat flux, shear, and bulk viscosity and
shear stress tensors were derived. In [11] the components of shear and bulk tensor of
relativistic fluids in the Kerr metric was calculated. The components of heating tensor and
viscous stress tensor with the zero bulk viscosity were derived in the Cartesian coordinate
system in [12]. The non-ideal dynamics of the relativistic fluids has been studied by [13].
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In this paper, the components of shear and bulk tensor and heat flux in some cases were
derived. [4] have studied the dissipative dynamics of relativistic fluids in the equatorial
plane. The components of shear and bulk tensors in the Kerr metric in the equatorial plane
were obtained in [11]. The relativistic fluids with the negligible magnetic fields in the flat
metric are studied in this paper. In most papers, the ordinary scaling ~ = c = G = 1
were used, we don’t use these scales. We introduce the iso-dimension scale, in this scale
all components of the metric are dimensionless, also all components of the same quantities
have the same dimension, and influences of the speed of the light are seen in this scale. All
calculations are done in this scale. In the relativistic fluids, the energy-momentum tensor
is important, because this tensor shows the quantities of energy and momentum of fluids.
The energy-momentum tensor of fluids with the ignorable magnetic fields includes three
types of energy-momentum tensors, which are perfect fluid, shear stress viscosity , and
heat flux energy-momentum tensors. The components of a perfect fluid, shear, bulk, shear
stress energy-momentum, heat flux, and heat flux energy-momentum tensors are calculated
in cylindrical and spherical coordinate systems. The iso-dimension scale is enabled us to
calculate the components of a perfect fluid, shear, bulk, shear stress energy-momentum,
heat flux , and heat flux energy-momentum tensors of non-relativistic fluids as the limit
of these quantities in the relativistic fluids. So, some of the differences of non-relativistic
and relativistic fluids are seen. For example, we see that in the relativistic fluids, the heat
flux is created in the constant temperature, etc. The plan of this paper is as follows: In
section 2 basic conservation equations are shown. Scale and metric are in section 3. In
this paper two coordinate systems are used, the components of metric in these coordinate
systems are in section 4. Four-velocity in two of these coordinate systems is displayed in
section 5. The perfect fluids energy-momentum tensor is derived in section 6. The relations
of all components of shear and bulk tensors are derived in section 7 . The shear stress
viscosity energy-momentum tensor is calculated in section 8. the relativistic heat flux and
energy-momentum of heat flux are in sections 9 and 10. The energy density of relativistic
fluids is in section 11. The components of the energy-momentum of non-relativistic fluids
are given in section 12. Summary and conclusion are in section 13.
2 Basic conservation equations
The basic conservation equations of relativistic fluids are
ρuν;ν = 0, T
µν
;ν = 0. (2.1)
The first equation is the mass conservation equation and the second is the energy-momentum
conservation equation. Where, ρ is the energy density, uν is four-velocity and T µν is the
energy-momentum tensor.
2.1 Relativistic Energy- momentum tensor
The relativistic energy-momentum tensor for non-magnetic viscous fluids with heat flux is
given by [14]
T µν = T µνPf + T
µν
visoc + T
µν
heat, (2.2)
– 2 –
where, respectively are perfect fluid, shear stress viscosity, and heat flux energy-momentum
tensors. The components of energy-momentum tensor include various information about
the energy and momentum of fluids ([15]). So, the energy density is given by T 00 (0 is for
the time like components); Also, the energy flux passes from the surface with the constant
xi (i is for space like components) is shown by T 0i and the flux of the i components of
momentum passes from the surface with the constant xj is given by T ij (i and j are the
space like components).
2.1.1 Energy momentum tensor of perfect fluid
The perfect fluid energy momentum tensor is
T
µν
Pf = ρu
µuν + pgµν , (2.3)
where, P is the pressure and gµν are components of metric.
2.1.2 Energy momentum tensor of shear stress viscosity
The shear stress viscosity energy momentum tensor is
T
µν
vis = S
µν +Bµν , (2.4)
Sµν is the relativistic shear viscosity and Bµν is the relativistic bulk viscosity, which are
shown as
Sµν = −2λσµν , Bµν = −ζbµν , (2.5)
where, λ is the coefficient of the dynamical viscosity, σµν is the shear tensor, ζ is the
coefficient of the bulk viscosity, bµν is the bulk tensor. The relativistic bulk and shear
tensors are given by
bµν = Θhµν , σµν = gµαgνβσαβ , (2.6)
where, the shear rate, σαβ, is derived as ([9])
σαβ =
1
2
(uα;β + uβ;α +
1
c2
(aαuβ + aβuα))−
1
3
Θhαβ . (2.7)
Also, the covariant derivative of uν and uν , the projection tensor (h
µν), the expansion of
fluid world line (Θ), four acceleration(aµ) are written as
uν;γ = ∂γu
ν + Γνγλu
λ, uν;γ = ∂γuν − Γ
λ
νγuλ,
hµν = hνµ = gµν +
uµuν
c2
, Θ = uγ;γ = ∂γu
γ + Γνγνu
γ ,
aµ = uµ;γu
γ . (2.8)
where, Γαµν = Γ
α
νµ =
1
2g
αρ(∂µgνρ+∂νgρµ−∂ρgµν) are Christoffel symbols. Also, shear tensor
is derived as
σµν = gµαgνβ[uα;β + uβ;α +
1
c2
(aαuβ + aβuα)−
1
3
Θhαβ]
=
1
2
(gνβuµ;β + g
µαuν;α +
1
c2
(aµuν + aνuµ))−
1
3
Θhµν .
(2.9)
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2.1.3 Energy momentum tensor of heat flux
The heat flux energy momentum tensor is given by
T
µν
heat =
1
c2
(qµuν + qνuµ), (2.10)
where, qµ is heat flux. So, the relativistic heat flux is shown as ([2] and [8])
qµ = −κ(
∂T
∂xν
+
Taν
c2
), (2.11)
where, T is temperature and κ is thermal conductivity.
3 Scale and Metric
One of the ordinary scale is used in the study of relativistic fluids is ~ = c = G = 1. The
benefit of this scale is that all variables are dimensionless, so, the equations in this scale are
convenient and straightway, also, the amounts of these constant are not seen in equations.
If we want to establish the connection between relativistic and non-relativistic fluids we
must retain importance of c in the equations. So, in this paper a new scaling is used which
named iso-dimension scale (IDS). In this scale all components of metric are dimensionless.
Also, different components of a typical tensor have a same dimension. The relativistic fluids
are seen in astrophysics, cosmology, nuclear physics, etc. We study the relativistic fluids
in the region which the influences of magnetic field and gravitation are negligible, So, in
this condition flat metric for space-time metric are used. For example in the astrophysical
fluids the flat space-time relativistic fluids can be used around the proto stars, young stars,
far from black holes (r >> GM
c2
, M is the central mass), etc.
4 Coordinate systems
We study the special relativistic fluids in two coordinate systems (cylindrical and spherical
coordinate systems).
4.1 Cylindrical coordinate system
In the cylindrical coordinate system, the relativistic flat metric (Minkowski space-time) is
given as
ds2 = −c2dτ2 = −c2dt2 + dr2 + r2dθ2 + dz2, (4.1)
where, c is speed of light, τ is the proper time, t, r, θ and z are coordinate variables. gµν
and gµν are diagonal tensors, so, the components of metric, and its inverse, are shown
gtt = −c
2, grr = 1, gθθ = r
2, gzz = 1. (4.2)
gtt = −
1
c2
, grr = 1, gθθ =
1
r2
, gzz = 1, (4.3)
grr, g
rr, gzz , g
zz are dimensionless, but gtt, g
tt, gθθ, g
θθ have different dimensions. In this
paper, a simple and useful method to iso-dimensioning of metric components is used. We
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use a constant l in gθθ, g
θθ components, so, ψ = lθ, also χ = x0 = tc is used. Therefore, the
metric is converted to the iso-dimensional coordinate
ds2 = −c2dτ2 = −dχ2 + dr2 +R2dψ2 + dz2, (4.4)
where, R = r
l
is non-dimensional variable, l is arbitrary, finite constant length and ψ = lθ.
Also, the non-dimensional components of metric, gµν , and its inverse, g
µν are
g00 = −1, grr = 1, gψψ = R
2, gzz = 1,
g00 = −1, grr = 1, gψψ =
1
R2
, gzz = 1.
(4.5)
4.2 Spherical coordinate system
The flat metric in the spherical coordinate system is as fallows
ds2 = −c2dτ2 = −c2dt2 + dr2 + r2dθ2 + r2sin2θdφ2, (4.6)
where, t, r, θ and φ are coordinate variables. The components of diagonal metric gµν , and
its inverse, gµν in the spherical coordinate are given as
gtt = −c
2, grr = 1, gθθ = r
2, gφφ = r
2sin2θ. (4.7)
gtt = −
1
c2
, grr = 1, gθθ =
1
r2
, gφφ =
1
r2sin2θ
. (4.8)
We see that components of metric have a different dimension. Similar to the cylindrical
coordinate, we use the arbitrary, finite constant length l in ψ = lθ and ϕ = lφ. So, the
iso-dimensional spherical coordinate system is
ds2 = −c2dτ2 = −dχ2 + dr2 +R2dψ2 +R2sin2(
ψ
l
)d2ϕ. (4.9)
The dimensionless components of gµν and g
µν are
g00 = −1, grr = 1, gψψ = R
2, gϕϕ = R
2sin2θ,
g00 = −1, grr = 1, gψψ =
1
R2
, gϕϕ =
1
R2sin2θ
.
(4.10)
In the cylindrical and spherical coordinate systems l may be a free constant which will be
chose adopted to each study. For example in a relativistic fluids around the black hole, rg
(Schwarzschild radius) may be a suitable chose for l, etc. Also, l may be selected as unite
(l = 1), etc.
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5 Four velocity
The components of four velocity and covariant components of four velocity are derived by
uµ =
dxν
dτ
= γ
dxν
dt
, uµ = gµνu
ν , (5.1)
where, γ = dt
dτ
= 1√
1− v
2
c2
is the Lorentz factor.In the Lorentz factor, the expansions of γ,
and γ2 are given by
γ =
1
(1− v
2
c2
)
1
2
∼= 1 +
v2
2c2
+O(
1
c4
),
γ2 =
1
1− v
2
c2
∼= 1 +
v2
c2
+O(
1
c4
). (5.2)
5.1 Four velocity in the cylindrical coordinate system
The components and covariant components of four velocity in the iso-dimensional cylindrical
coordinate system are
u0 = cγ, ur = r˙γ, uψ = ψ˙γ = lθ˙γ, uz = z˙γ,
u0 = −cγ, ur = r˙γ, uψ = R
2lθ˙γ =
r2θ˙γ
l
,
uz = z˙γ. (5.3)
5.2 Four velocity in the spherical coordinate system
In the iso-dimensional spherical coordinate system, the components of four velocity and
covariant components of four velocity are
u0 = cγ, ur = r˙γ, uψ = ψ˙γ = lθ˙γ, uϕ = lφ˙γ,
u0 = −cγ, ur = r˙γ, uψ = R
2lθ˙γ =
r2θ˙γ
l
,
uϕ =
r2sin2θφ˙γ
l
. (5.4)
6 Perfect fluid energy momentum tensor
In this section the components of perfect fluids energy momentum tensor are calculated in
two coordinate systems.
6.1 Cylindrical coordinate system
The components of perfect fluid energy momentum tensor are calculated in IDS and in the
cylindrical coordinate system as
T 00Pf = γ
2ρc2 − p, T 0rPf = γ
2ρcr˙, T
0ψ
Pf = lγ
2ρcθ˙,
T 0zPf = γ
2ρcz˙, T rrPf = γ
2ρr˙2 + p, T rψPf = lγ
2ρr˙θ˙,
T rzPf = γ
2ρr˙z˙, T
ψψ
Pf = l
2(γ2ρθ˙2 +
p
r2
),
T
ψz
Pf = lγ
2ρθ˙z˙, T zzPf = γ
2ρz˙2 + p. (6.1)
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6.2 Spherical coordinate system
In the spherical coordinate system, the components of perfect fluids energy momentum
tensor are
T 00Pf = γ
2ρc2 − p, T 0rPf = γ
2ρcr˙, T
0ψ
Pf = lγ
2ρcθ˙,
T
0ϕ
Pf = lγ
2ρcφ˙, T rrPf = γ
2ρr˙2 + p, T rψPf = lγ
2ρr˙θ˙,
T
rϕ
Pf = lγ
2ρr˙φ˙, T
ψψ
Pf = l
2(γ2ρθ˙2 +
p
r2
),
T
ψϕ
Pf = l
2γ2ρθ˙φ˙, T
ϕϕ
Pf = l
2(γ2ρφ˙2 +
p
r2 sin2 θ
). (6.2)
7 Shear and bulk tensors
7.1 Shear and bulk tensors in the cylindrical coordinate system
In the iso-dimensional cylindrical coordinate system, the non-zero components of the Christof-
fel symbols are derived as
Γrψψ = −
r
l2
, Γψrψ =
1
r
. (7.1)
The expansion of the fluid world line in the cylindrical coordinate system is calculated by
equation (2.8) as
Θ = ∂γu
γ + Γνγνu
γ = ∂γu
γ +
γr˙
r
= ∇ · (γ~v) +
∂γ
∂t
,
⇒ Θ = ∇ · ~v +
1
2c2
(∇ · (v2~v) +
∂v2
∂t
) +O(c−4), (7.2)
in the cylindrical coordinate ∇ · ~v is
∇ · ~v =
1
r
∂(rvr)
∂r
+
1
r
∂vθ
∂θ
+
∂vz
∂z
=
1
r
∂(rr˙)
∂r
+
∂θ˙
∂θ
+
∂z˙
∂z
,
=
1
r
∂(rr˙)
∂r
+
∂ψ˙
∂ψ
+
∂z˙
∂z
, (7.3)
where, vr, vθ, vz are the components of velocity. The components of projection tensor are
given in the appendix A. Also, the components of the bulk tensor in this coordinate system
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are calculated as
b00 =
v2∇ · ~v
c2
+O(
1
c4
),
b0r =
r˙
c
(∇ · ~v +
1
2c2
[∇ · (v2~v) +
∂v2
∂t
]) +O(
1
c5
),
b0ψ =
lθ˙
c
(∇ · ~v +
1
2c2
[∇ · (v2~v) +
∂v2
∂t
]) +O(
1
c5
),
b0z =
z˙
c
(∇ · ~v +
1
2c2
[∇ · (v2~v) +
∂v2
∂t
]) +O(
1
c5
),
brr = (1 +
r˙2
c2
)∇ · ~v +
1
2c2
[∇ · (v2~v) +
∂v2
∂t
] +O(
1
c4
),
brψ =
lr˙θ˙∇ · ~v
c2
+O(
1
c4
), brz =
r˙z˙∇ · ~v
c2
+O(
1
c4
),
bψψ = l2(
1
r2
+
θ˙2
c2
)∇ · ~v +
l2
2r2c2
[∇ · (v2~v) +
∂v2
∂t
] +O(
1
c4
),
bψz =
lθ˙z˙∇ · ~v
c2
+O(
1
c4
),
bzz = (1 +
z˙2
c2
)∇ · ~v +
1
2c2
[∇ · (v2~v) +
∂v2
∂t
] +O(
1
c4
). (7.4)
The components of four acceleration in this coordinate are obtained as
a0 = u0;γu
γ = cγ(∇γ · ~v + γ
∂γ
∂t
),
ar = ur;γu
γ = γ∇(γr˙) · ~v − rγ2θ˙2 + γ
∂(γr˙)
∂t
,
aψ = uψ;γu
γ = γl(∇(γθ˙) · ~v +
2r˙θ˙
r
+
∂(γθ˙)
∂t
),
az = uz;γu
γ = γ∇(γz˙) · ~v + γ
∂(γz˙)
∂t
. (7.5)
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After some calculation the components of shear tensor are derived as
σ00 =
∇v2 · ~v
2c2
−
1
3
b00 +O(
1
c4
)
σ0r =
1
2c
(
1
2
∂v2
∂r
+∇r˙ · ~v − rθ˙2 +
r˙∇v2 · ~v
2c2
)−
1
3
b0r +O(
1
c5
),
σ0ψ =
l
2c
[
1
2r2
∂v2
∂θ
+∇θ˙ · ~v +
2r˙θ˙
r
+
θ˙∇v2 · ~v
2c2
]−
1
3
b0ψ +O(
1
c5
),
σ0z =
1
2c
(
1
2
∂v2
∂z
+∇z˙ · ~v +
z˙∇v2 · ~v
2c2
)−
1
3
b0z +O(
1
c5
),
σrr =
∂(γr˙)
∂r
+
r˙
c2
(∇r˙ · ~v − rθ˙2 +
∂r˙
∂t
)−
1
3
brr +O(
1
c4
),
σrψ =
l
2
[
1
r2
∂(γr˙)
∂θ
+
∂(γθ˙)
∂r
+
1
c2
(∇(θ˙r˙) · ~v − rθ˙3 +
2θ˙r˙2
r
+
∂(θ˙r˙)
∂t
)]−
1
3
brψ +O(
1
c4
)
σrz =
1
2
[
∂(γr˙)
∂z
+
∂(γz˙)
∂r
+
1
c2
(∇(r˙z˙) · ~v − rθ˙2z˙ +
∂(z˙r˙)
∂t
)]−
1
3
brz +O(
1
c4
),
σψψ = l2[
1
r2
∂(γθ˙)
∂θ
+
γr˙
r
+
θ˙
c2
(∇θ˙ · ~v +
2r˙θ˙
r
+
∂θ˙
∂t
)−
1
3
bψψ +O(
1
c4
)
σψz =
l
2
[
∂(γθ˙)
∂z
+
1
r2
∂(γz˙)
∂θ
+
1
c2
(∇(θ˙z˙) · ~v +
2r˙z˙θ˙
r
+
∂(θ˙z˙)
∂t
)]−
1
3
bψz +O(
1
c4
)
σzz =
∂(γz˙)
∂z
+
z˙
c2
(∇z˙ · ~v +
∂z˙
∂t
)−
1
3
bzz +O(
1
c4
), (7.6)
7.2 Shear and bulk tensors in the spherical coordinate
the non-zero components of the Christoffel symbols in the iso-dimension spherical coordinate
system are
Γrψψ = −
r
l2
, Γrϕϕ = −
r sin2 θ
l2
, Γψϕϕ = −
sin θ cos θ
l
,
Γψrψ =
1
r
, Γϕrϕ =
1
r
, Γψψϕ =
cos θ
l sin θ
. (7.7)
We use equation (2.8) to calculate the expansion of the fluid world line in the spherical
coordinate system
Θ = ∂γu
γ + Γνγνu
γ = ∂γu
γ +
2γr˙
r
+ γθ˙ cot θ
= ∇ · (γ~v) +
∂γ
∂t
,
⇒ Θ = ∇ · ~v +
1
2c2
(∇ · (v2~v) +
∂v2
∂t
) +O(
1
c4
). (7.8)
where, in the spherical coordinate ∇ · ~v = 1
r2
∂(r2vr)
∂r
+ 1
r sin θ
∂(sin θvθ)
∂θ
+ 1
r sin θ
∂vφ
∂φ
. Projection
tensor are given in the appendix A; so, the components of the bulk tensor in the iso-
dimension spherical coordinate system are calculated as
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b00 =
v2∇ · ~v
c2
+O(
1
c4
),
br0 =
r˙
c
(∇ · ~v +
1
2c2
[∇ · (v2~v) +
∂v2
∂t
]) +O(
1
c5
),
b0ψ =
lθ˙
c
(∇ · ~v +
1
2c2
[∇ · (v2~v) +
∂v2
∂t
]) +O(
1
c5
),
b0ϕ =
lφ˙
c
(∇ · ~v +
1
2c2
[∇ · (v2~v) +
∂v2
∂t
]) +O(
1
c5
),
brr = (1 +
r˙2
c2
)∇ · ~v +
1
2c2
[∇ · (v2~v) +
∂v2
∂t
] +O(
1
c4
),
brψ =
lr˙θ˙∇ · ~v
c2
+O(
1
c4
), brϕ =
lr˙φ˙∇ · ~v
c2
+O(
1
c4
),
bψψ = l2(
1
r2
+
θ˙2
c2
)∇ · ~v +
l2
2c2r2
[∇ · (v2~v) +
∂v2
∂t
] +O(
1
c4
),
bψϕ =
l2θ˙φ˙∇ · ~v
c2
+O(
1
c4
),
bϕϕ = l2(
1
r2sin2θ
+
φ˙2
c2
)∇ · ~v +
l2
2c2r2sin2θ
[∇ · (v2~v) +
∂v2
∂t
] +O(
1
c4
). (7.9)
The components of four acceleration are derived with equation (2.8) as
a0 = cγ(∇γ · ~v + γ
∂γ
∂t
),
ar = γ∇(γr˙) · ~v − rγ2θ˙2 − rγ2 sin2 θφ˙2 + γ
∂(γr˙)
∂t
,
aψ = γl(∇(γθ˙) · ~v +
2γr˙θ˙
r
− γ sin θ cos θφ˙2 +
∂(γθ˙)
∂t
),
aϕ = γl(γ∇(γφ˙) · ~v +
2γr˙φ˙
r
+ 2γ cot θφ˙θ˙ +
∂(γφ˙)
∂t
). (7.10)
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The components of shear tensor are calculated as
σ00 =
∇v2 · ~v
2c2
−
1
3
b00 +O(
1
c4
)
σ0r =
1
2c
[
1
2
∂v2
∂r
+∇r˙ · ~v − rθ˙2 − r sin2 θφ˙2 +
r˙∇v2 · ~v
2c2
]−
1
3
b0r +O(
1
c5
),
σ0ψ =
l
2c
[
1
2r2
∂v2
∂θ
+∇θ˙ · ~v +
2r˙θ˙
r
− sin θ cos θφ˙2 +
θ˙∇v2 · ~v
2c2
]−
1
3
b0ψ +O(
1
c5
),
σ0ϕ =
l
2c
[
1
2r2 sin2 θ
∂v2
∂φ
+∇φ˙ · ~v +
2r˙φ˙
r
+ 2cot θθ˙φ˙+
φ˙∇v2 · ~v
2c2
]−
1
3
b0ϕ +O(
1
c5
),
σrr =
∂(γr˙)
∂r
+
r˙
c2
(∇r˙ · ~v − rθ˙2 − r sin2 θφ˙2 +
∂r˙
∂t
)−
1
3
brr +O(
1
c4
),
σrψ =
l
2
[
1
r2
∂(γr˙)
∂θ
+
∂(γθ˙)
∂r
+
1
c2
(∇(θ˙r˙) · ~v +
2θ˙r˙2
r
− sin θ cos θr˙φ˙2 − rθ˙3 − r sin2 θθ˙φ˙2 +
∂(r˙θ˙)
∂t
)]
−
1
3
brψ +O(
1
c4
),
σrϕ =
l
2
[
1
r2 sin2 θ
∂(γr˙)
∂φ
+
∂(γφ˙)
∂r
+
1
c2
(∇(r˙φ˙) · ~v +
2r˙2φ˙
r
+ 2cot θr˙θ˙φ˙− r sin2 θφ˙3 − rθ˙2φ˙+
∂(r˙φ˙)
∂t
]
−
1
3
brϕ +O(
1
c4
),
σψψ = l2[
1
r2
∂(γθ˙)
∂θ
+
γr˙
r
+
θ˙
c2
(∇θ˙ · ~v +
2r˙θ˙
r
− sin θ cos θφ˙2 +
∂θ˙
∂t
)]
−
1
3
bψψ +O(
1
c4
),
σψϕ =
l2
2
[
1
r2 sin2 θ
∂(γθ˙)
∂φ
+
1
r2
∂(γφ˙)
∂θ
+
1
c2
(∇(θ˙φ˙) · ~v +
4r˙θ˙φ˙
r
− sin θ cos θφ˙3 + 2cot θφ˙θ˙2 +
∂(θ˙φ˙)
∂t
)]
−
1
3
bψϕ +O(
1
c4
),
σϕϕ = l2[
1
r2 sin2 θ
(
∂(γφ˙)
∂φ
+
γr˙
r
+ γ cot θθ˙) +
φ˙
c2
(∇φ˙ · ~v +
2r˙φ˙
r
+ 2cot θθ˙φ˙+
∂φ˙
∂t
]−
1
3
bϕϕ +O(
1
c4
).
(7.11)
8 Shear stress viscosity energy momentum
The energy momentum of shear stress viscosity are derived from equations (3)-(9) as
T
µν
vis = −2λσ
µν
− ζbµν , (8.1)
in the general cases, the coefficients of the dynamical viscosity and bulk viscosity( λ and
ζ) are not constant. These coefficients may be calculated by the thermodynamics variables
(for example see [18] ). In the Newtonian fluids ζ = −23λ, therefore we have
T
µν
vis = −λ[g
νβu
µ
;β + g
µαuν;α +
1
c2
(aµuν + aνuµ)] +
4λ
3
bµν . (8.2)
The components of shear stress viscosity energy momentum tensor are calculated in two
coordinate systems.
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8.1 In the cylindrical coordinate system
The components of shear stress viscosity energy momentum tensor in cylindrical coordinate
system are calculated as
T 00vis = −λ
∇v2 · ~v
c2
− (ζ −
2λ
3
)
v2∇ · ~v
c2
+O(
1
c4
),
T 0rvis = −
λ
c
(
1
2
∂v2
∂r
+∇r˙ · ~v − rθ˙2 +
r˙∇v2 · ~v
2c2
)−
r˙
c
(ζ −
2λ
3
)[∇ · ~v +
1
2c2
(∇ · (v2~v) +
∂v2
∂t
)]
T
0ψ
vis = −
lλ
cr2
[
1
2
∂v2
∂θ
+∇(r2θ˙) · ~v +
θ˙∇v2 · ~v
2c2
]−
lθ˙
c
(ζ −
2λ
3
)[∇ · ~v +∇ · ~v +
1
2c2
(∇ · (v2~v) +
∂v2
∂t
)]
+O(
1
c5
),
T 0zvis = −
λ
c
(
1
2
∂v2
∂z
−∇z˙ · ~v +
z˙∇v2 · ~v
2c2
)−
z˙
c
(ζ −
2λ
3
)[∇ · ~v +
1
2c2
(∇ · (v2~v) +
∂v2
∂t
)] +O(
1
c5
),
T rrvis = −2λ[
∂(γr˙)
∂r
+
r˙
c2
(∇r˙ · ~v − rθ˙2 +
∂r˙
∂t
)]− (ζ −
2λ
3
)[(1 +
r˙2
c2
)∇ · ~v +
1
2c2
(∇ · (v2~v) +
∂v2
∂t
)]
+O(
1
c4
),
T
rψ
vis = −λl[
1
r2
∂(γr˙)
∂θ
+
∂(γθ˙)
∂r
+
1
c2
(∇(θ˙r˙) · ~v − rθ˙3 +
2θ˙r˙2
r
+
∂(θ˙r˙)
∂t
)]− (ζ −
2λ
3
)
lr˙θ˙∇ · ~v
c2
+O(
1
c4
),
T rzvis = −λ[
∂(γr˙)
∂z
+
∂(γz˙)
∂r
+
1
c2
(∇(z˙r˙) · ~v +
∂(z˙r˙)
∂t
− rθ˙2z˙))]− (ζ −
2λ
3
)
r˙z˙∇ · ~v
c2
+O(
1
c4
),
T
ψψ
vis = −2λl
2[
1
r2
∂(γθ˙)
∂θ
+
γr˙
r
+
θ˙
c2
(∇θ˙ · ~v +
2r˙θ˙
r
+
∂θ˙
∂t
)]− l2(ζ −
2λ
3
)[(
1
r2
+
θ˙2
c2
)∇ · ~v
+
1
2r2c2
(∇ · (v2~v) +
∂v2
∂t
)] +O(
1
c4
),
T
ψz
vis = −λl[
∂(γθ˙)
∂z
+
1
r2
∂(γz˙)
∂θ
+
1
c2
(∇(θ˙z˙) · ~v +
2r˙z˙θ˙
r
+
∂(θ˙z˙)
∂t
)]− (ζ −
2λ
3
)
lθ˙z˙∇ · ~v
c2
+O(
1
c4
),
T zzvis = −2λ[
∂(γz˙)
∂z
+
z˙
c2
(∇z˙ · ~v +
∂z˙
∂t
)]− (ζ −
2λ
3
)[(1 +
z˙2
c2
)∇ · ~v +
1
2c2
(∇ · (v2~v) +
∂v2
∂t
)] +O(
1
c4
).
(8.3)
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8.2 In the spherical coordinate system
In the spherical coordinate the components of shear stress viscosity energy momentum
tensor are derived as
T 00vis = −λ(
∇v2 · ~v
c2
)− (ζ −
2λ
3
)
v2∇ · ~v
c2
+O(
1
c4
),
T 0rvis =
λ
c
(
1
2
∂v2
∂r
−∇r˙ · ~v + rθ˙2 + r sin2 θφ˙2 +
r˙∇v2 · ~v
2c2
)−
r˙
c
(ζ −
2λ
3
)[∇ · ~v +∇ · (v2~v) +
∂v2
∂t
]
+O(
1
c5
),
T
0ψ
vis = −
λl
c
[
1
2r2
∂v2
∂θ
+∇θ˙ · ~v +
2r˙θ˙
r
− sin θ cos θφ˙2]−
lθ˙
c
(ζ −
2λ
3
)[∇ · ~v +∇ · (v2~v) +
∂v2
∂t
]
+O(
1
c5
),
T
0ϕ
vis = −
λl
c
[
1
2r2 sin2 θ
∂v2
∂φ
+∇φ˙ · ~v +
2r˙φ˙
r
+ 2cot θθ˙φ˙]−
lφ˙
c
(ζ −
2λ
3
)[∇ · ~v +∇ · (v2~v) +
∂v2
∂t
]
+O(
1
c5
),
T rrvis = −2λ[
∂(γr˙)
∂r
+
r˙
c2
(∇r˙ · ~v − rθ˙2 − r sin2 θφ˙2 +
∂r˙
∂t
)]− (ζ −
2λ
3
)[(1 +
r˙2
c2
)∇ · ~v
+
1
2c2
(∇ · (v2~v) +
∂v2
∂t
)] +O(
1
c4
),
T
rψ
vis = −λl[
1
r2
∂(γr˙)
∂θ
+
∂(γθ˙)
∂r
+
1
c2
(∇(θ˙r˙) · ~v +
2θ˙r˙2
r
− rθ˙3 − sin θ cos θr˙φ˙2 − r sin2 θθ˙φ˙2 +
∂(r˙θ˙)
∂t
)]
−(ζ −
2λ
3
)
lr˙φ˙∇ · ~v
c2
+O(
1
c4
),
T
rϕ
vis = −λl[
1
r2 sin2 θ
∂(γr˙)
∂φ
+
∂(γφ˙)
∂r
+
1
c2
(∇(r˙φ˙) · ~v − cot θr˙θ˙φ˙+
2r˙2φ˙
r
− r sin2 θφ˙3 − rθ˙2φ˙
+
∂(r˙φ˙)
∂t
]− (ζ −
2λ
3
)
lr˙φ˙∇ · ~v
c2
+O(
1
c4
),
T
ψψ
vis = −2λl
2[
1
r2
∂(γθ˙)
∂θ
+
γr˙
r
+
θ˙
c2
(∇θ˙ · ~v +
2r˙θ˙
r
− sin θ cos θφ˙2 +
∂θ˙
∂t
)]− l2(ζ −
2λ
3
)[(
1
r2
+
θ˙2
c2
)∇ · ~v
+
1
2c2r2
(∇ · (v2~v) +
∂v2
∂t
)] +O(
1
c4
),
T
ψϕ
vis = −λl
2[
1
r2 sin2 θ
∂(γθ˙)
∂φ
+
1
r2
∂(γφ˙)
∂θ
+
1
c2
(∇(θ˙φ˙) · ~v +
4r˙θ˙φ˙
r
− sin θ cos θφ˙3 + cot θφ˙θ˙2 +
∂(θ˙φ˙)
∂t
)]
−(ζ −
2λ
3
)
l2θ˙φ˙∇ · ~v
c2
+O(
1
c4
),
T
ϕϕ
vis = −2λl
2[
1
r2 sin2 θ
(
∂(γφ˙)
∂φ
+
γr˙
r
+ γ cot θθ˙) +
φ˙
c2
(∇φ˙ · ~v +
2r˙φ˙
r
+ 2cot θθ˙φ˙+
∂φ˙
∂t
]
−l2(ζ −
2λ
3
)[(
1
r2sin2θ
+
φ˙2
c2
)∇ · ~v +
1
2c2r2sin2θ
(∇ · (v2~v) +
∂v2
∂t
)] +O(
1
c4
). (8.4)
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9 Heat flux of the relativistic fluids
The heat flux is an important factor to energy transfer in the relativistic fluid. So, in this
section the components of heat flux vector of a relativistic fluid are derived. We use the
equation (2.11) to calculate the heat flux. After some calculation the components of the
heat flux in the relativistic state and in two coordinate systems are derived.
9.1 Heat flux in the cylindrical coordinate system
The components of the heat flux of a relativistic fluid in the cylindrical coordinate system
are calculated as
q0 = −
κ
c
(
v2
c2
∂T
∂t
+∇T · ~v +
T
c2
(ar r˙ + θ˙aθ + z˙az)) +O(
1
c5
),
qr = −κ[
∂T
∂r
+
Tar
c2
+
r˙
c2
(∇T · ~v +
∂T
∂t
)] +O(
1
c4
),
qψ = −lκ[
1
r2
(
∂T
∂θ
+
Taθ
c2
) +
θ˙
c2
(∇T · ~v +
∂T
∂t
)] +O(
1
c4
),
qz = −κ[
∂T
∂z
+
Taz
c2
+
z˙
c2
(∇T · ~v +
∂T
∂t
)] +O(
1
c4
). (9.1)
9.2 Heat flux in the spherical coordinate system
The components of heat flux in the spherical coordinate system are given as
q0 = −
κ
c
(
v2
c2
∂T
∂t
+∇T · ~v +
T
c2
(r˙ar + θ˙aθ + z˙az)) +O(
1
c5
),
qr = −κ[
∂T
∂r
+
Tar
c2
+
r˙
c2
(∇T · ~v +
∂T
∂t
)] +O(
1
c4
),
qψ = −lκ[
1
r2
(
∂T
∂θ
+
Taθ
c2
) +
θ˙
c2
(∇T · ~v +
∂T
∂t
)] +O(
1
c4
),
qϕ = −lκ[
1
r2 sin2 θ
(
∂T
∂φ
+
Taφ
c2
) +
φ˙
c2
(∇T · ~v +
∂T
∂t
)] +O(
1
c4
). (9.2)
10 Heat flux energy momentum tensor
In this section the components of heat flux energy momentum tensor in two coordinate
systems are derived.
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10.1 Heat flux energy momentum tensor in the cylindrical coordinate
From equations (2.10),(5.3) and (9.1), the components of heat flux energy momentum tensor
in cylindrical coordinate are obtained as
T 00heat = −
2κγ
c2
∇T · ~v + o(
1
c4
),
T 0rheat = −
κ
c
[γ
∂T
∂r
+
Tar
c2
+
r˙
c2
(2∇T · ~v +
∂T
∂t
)] +O(
1
c5
),
T
0ψ
heat = −
κl
c
[
1
r2
(γ
∂T
∂θ
+
Taθ
c2
) +
θ˙
c2
(2∇T · ~v +
∂T
∂t
)] +O(
1
c5
),
T 0zheat = −
κ
c
[γ
∂T
∂z
+
Taz
c2
+
z˙
c2
(2∇T · ~v +
∂T
∂t
)] +O(
1
c5
),
T rrheat = −2
κr˙
c2
∂T
∂r
+O(
1
c4
),
T
rψ
heat = −
κl
c2
(θ˙
∂T
∂r
+
r˙
r2
∂T
∂θ
) +O(
1
c4
),
T rzheat = −
κ
c2
(z˙
∂T
∂r
+ r˙
∂T
∂z
) +O(
1
c4
),
T
ψψ
heat = −2
κθ˙l2
r2c2
∂T
∂θ
+O(
1
c4
),
T
ψz
heat = −
κl
c2
(
z˙
r2
∂T
∂θ
+ θ˙
∂T
∂z
) +O(
1
c4
),
T zzheat = −2
κγz˙
c2
∂T
∂z
+O(
1
c4
). (10.1)
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10.2 Heat flux energy momentum tensor in the spherical coordinate
From equations (2.10), (5.4) and (9.2), the components of heat flux energy momentum
tensor in spherical coordinate are calculated as
T 00heat = −
2κγ
c2
∇T · ~v + o(
1
c4
),
T 0rheat = −
κl
c
[(γ
∂T
∂r
+
Tar
c2
) +
r˙
c2
(2∇T · ~v +
∂T
∂t
)] +O(
1
c5
),
T
0ψ
heat = −
κl
c
[
1
r2
(γ
∂T
∂θ
+
Taθ
c2
) +
θ˙
c2
(2∇T · ~v +
∂T
∂t
)] +O(
1
c5
),
T
0ϕ
heat = −
κl
c
[
1
r2 sin2 θ
(γ
∂T
∂φ
+
Taφ
c2
) +
φ˙
c2
(2∇T · ~v +
∂T
∂t
)] +O(
1
c5
),
T rrheat = −2
κγr˙
c2
∂T
∂r
+O(
1
c4
),
T
rψ
heat = −
κγl
c2
(θ˙
∂T
∂r
+
r˙
r2
∂T
∂θ
) +O(
1
c4
),
T
rϕ
heat = −
κγl
c2
(φ˙
∂T
∂r
+
r˙
r2 sin2 θ
∂T
∂φ
) +O(
1
c4
),
T
ψψ
heat = −2
κγθ˙l2
r2c2
∂T
∂θ
+O(
1
c4
),
T
ψϕ
heat = −
κγl2
c2
[
θ˙
sin2 θ
∂T
∂φ
+ φ˙
∂T
∂θ
+O(
1
c4
),
T
ϕϕ
heat = −2
κγφ˙l2
r2 sin2 θc2
∂T
∂φ
+O(
1
c4
). (10.2)
11 Energy density of relativistic fluids
An important components of energy momentum tensor is T 00 which shows the energy
density of relativistic fluids. So, as we expect the energy density of relativistic fluids is
independent of coordinate system and in the flat metric is given as
T 00 = E = γ2ρc2 − p−
1
c2
(λ∇v2 · ~v
+(ζ −
2λ
3
)v2∇ · ~v − 2κγ∇T · ~v). (11.1)
12 Energy momentum of non-relativistic fluids
To calculate the relations of energy momentum of non-relativistic fluids, we use v << c
limit in the relativistic energy momentum relations.
12.1 Non-relativistic energy momentum of perfect fluid
We use the non-relativistic limit in equations (6.1) and (6.2), so, the components of non-
relativistic energy momentum tensor of perfect fluid in cylindrical and spherical coordinate
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systems respectively are
T 00Pf = ρc
2
− p, T 0rPf = ρcr˙, T
0ψ
Pf = lρcθ˙,
T 0zPf = ρcz˙, T
rr
Pf = ρr˙
2 + p, T rψPf = lρr˙θ˙,
T rzPf = ρr˙z˙, T
ψψ
Pf = l
2(ρθ˙2 +
p
r2
),
T
ψz
Pf = lρθ˙z˙, T
zz
Pf = γ
2ρz˙2 + p. (12.1)
T 00Pf = ρc
2
− p, T 0rPf = ρcr˙, T
0ψ
Pf = lρcθ˙,
T
0ϕ
Pf = lρcφ˙, T
rr
Pf = ρr˙
2 + p, T rψPf = lρr˙θ˙,
T
rϕ
Pf = lρr˙φ˙, T
ψψ
Pf = l
2(ρθ˙2 +
p
r2
),
T
ψϕ
Pf = l
2ρθ˙φ˙, T
ϕϕ
Pf = l
2(ρφ˙2 +
p
r2 sin2 θ
). (12.2)
12.2 Non-relativistic shear and bulk tensors
The non-relativistic shear and bulk tensors can be calculated by using v << c in the
relativistic relations of relativistic shear and bulk tensors .
12.2.1 In cylindrical coordinate system
In the cylindrical coordinate system the components of the non-relativistic bulk tensor are
calculated from equation (7.4) as
b00 = b0r = b0ψ = b0z = brψ = brz = bψz = 0,
brr = ∇ · ~v, bψψ =
l2
r2
∇ · ~v, bzz = ∇ · ~v. (12.3)
So, the non-relativistic components of shear tensor in the cylindrical coordinate system are
obtained from equation (7.6) as
σ00 = σ0r = σ0ψ = σ0z = 0, σrr =
∂r˙
∂r
−
1
3
∇ · ~v,
σrψ =
l
2
[
1
r2
∂r˙
∂θ
+
∂θ˙
∂r
], σrz =
1
2
[
∂r˙
∂z
+
∂z˙
∂r
],
σψψ = l2[
1
r2
∂θ˙
∂θ
+
r˙
r
]−
l2
3r2
∇ · ~v,
σψz =
l
2
[
∂θ˙
∂z
+
1
r2
∂z˙
∂θ
], σzz =
∂z˙
∂z
−
1
3
∇ · ~v. (12.4)
12.2.2 In spherical coordinate system
In the spherical coordinate system, the non-relativistic bulk tensor are derived from equation
(7.9) as
b00 = br0 = b0ψ = b0ϕ = brψ = brϕ = bψϕ = 0,
brr = ∇ · ~v, bψψ =
l2
r2
∇ · ~v, bϕϕ =
l2
r2sin2θ
∇ · ~v.
(12.5)
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We use the equation (7.11) to calculate the non-relativistic components of shear tensor in
the spherical coordinate system
σ00 = σ0r = σ0ψ = σ0ϕ = 0,
σrr =
∂r˙
∂r
−
1
3
∇ · ~v, σrψ =
l
2
(
1
r2
∂r˙
∂θ
+
∂θ˙
∂r
),
σrϕ =
l
2
(
1
r2 sin2 θ
∂r˙
∂φ
+
∂φ˙
∂r
),
σψψ = l2(
1
r2
∂θ˙
∂θ
+
r˙
r
)−
l2
3r2
∇ · ~v,
σψϕ =
l2
2r2
(
1
sin2 θ
∂θ˙
∂φ
+
∂φ˙
∂θ
),
σϕϕ =
l2
r2 sin2 θ
(
∂φ˙
∂φ
+
r˙
r
+ cot θθ˙ −
1
3
∇ · ~v). (12.6)
After some calculations, we see that these components with l = 1 are the same as the
components of [8] for the non-relativistic shear and bulk tensors .
12.3 Non-relativistic shear stress viscosity energy momentum
In this section the components of energy momentum tensor of shear stress viscosity of the
non-relativistic fluids are derived with v << c in relativistic components.
12.3.1 In cylindrical coordinate system
The non-relativistic components of shear stress viscosity energy momentum tensor are de-
rived after using v << c in equation (8.3) in the cylindrical coordinate as
T 00vis = T
0r
vis = T
0ψ
vis = T
0z
vis = 0,
T rrvis = −2λ
∂r˙
∂r
− (ζ −
2λ
3
)∇ · ~v,
T
rψ
vis = −lλ(
1
r2
∂r˙
∂θ
+
∂θ˙
∂r
), T rzvis = −λ(
∂r˙
∂z
+
∂z˙
∂r
),
T
ψψ
vis = −2l
2λ(
1
r2
∂θ˙
∂θ
+
r˙
r
)−
l2
r2
(ζ −
2λ
3
)∇ · ~v,
T
ψz
vis = −lλ(
∂θ˙
∂z
+
1
r2
∂z˙
∂θ
),
T zzvis = −2λ
∂z˙
∂z
− (ζ −
2λ
3
)∇ · ~v. (12.7)
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12.3.2 In spherical coordinate system
The non-relativistic components of shear stress viscosity energy momentum tensor in the
spherical coordinate system are calculate with v << c in equation (8.4)
T 00vis = T
0r
vis = T
0ψ
vis = T
0ϕ
vis = 0,
T rrvis = −2λ
∂r˙
∂r
− (ζ −
2λ
3
)∇ · ~v,
T
rψ
vis = −lλ(
1
r2
∂r˙
∂θ
+
∂θ˙
∂r
),
T
rϕ
vis = −lλ(
1
r2 sin2 θ
∂r˙
∂φ
+
∂φ˙
∂r
),
T
ψψ
vis = −
2l2λ
r2
(
∂θ˙
∂θ
+
r˙
r
)−
l2
r2
(ζ −
2λ
3
)∇ · ~v,
T
ψϕ
vis = −l
2λ(
1
r2 sin2 θ
∂θ˙
∂φ
+
∂φ˙
∂θ
),
T
ϕϕ
vis = −
l2
r2 sin2 θ
[2λ(
∂φ˙
∂φ
+
r˙
r
+ cot θθ˙) + (ζ −
2λ
3
)∇ · ~v].
(12.8)
12.4 Heat flux of the non-relativistic fluids
In the non-relativistic fluids, the components of the heat flux are derived by v << c.
12.4.1 In cylindrical coordinate system
We use the limit of non-relativistic case in equation (9.1). So, the components of the
non-relativistic heat flux in the cylindrical coordinate system are
q0 = 0, qr = −κ
∂T
∂r
, qψ = −
κl
r2
∂T
∂θ
, qz = −κ
∂T
∂z
. (12.9)
12.4.2 In spherical coordinate system
Also, with equation (9.2), the components of the non-relativistic heat flux in the spherical
coordinate system are derived as
q0 = 0, qr = −κ
∂T
∂r
, qψ = −
κl
r2
∂T
∂θ
, qϕ = −
κl
r2 sin2 θ
∂T
∂φ
. (12.10)
12.5 Non-relativistic energy momentum of heat flux
The energy momentum is created by the heat flux in the non-relativistic fluids can be
derived from the relativistic heat flux energy momentum in the limit of v << c. So we
see that all components of non-relativistic heat flux energy momentum of cylindrical and
spherical coordinate systems are negligiblee.
12.6 Non relativistic energy density of fluids
In the non-relativistic fluids, the T 00 (energy density) is given by
T 00 = E = ρc2 − p. (12.11)
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13 Summery and Conclusion
In this paper, the components of energy momentum tensor and its elements are studied
in the flat metric, with the ignorable magnetic field. So, there are three types of energy
momentum tensors, which are perfect fluid, shear stress viscosity and heat flux energy
momentum tensors.
The iso-dimension scale is presented in this paper. In this scale, the c = 1 is not used
and all components of metric are dimensionless, also for a sample variable, all components
have the same dimension. All calculations are done in this scale. So, if we choose a
suitable l, we can compare the different components of a variables, for example in the energy
momentum tensor, it is seen that which components or elements of energy momentum are
more important.
In this paper, the components of bulk, shear, shear stress viscosity energy momentum,
heat flux and heat flux energy momentum tensors are calculated in cylindrical and spherical
coordinate systems.
The iso-dimension scale makes connection between relativistic and non-relativistic quan-
tities. So, the components of bulk, shear, shear stress viscosity energy momentum, heat
flux and heat flux energy momentum tensors of non-relativistic fluids are calculated with
the relativistic ones. Also, some the differences of non-relativistic and relativistic fluids
are seen in this scale. This connection enables us to use some corrections in the studies
of non-relativistic fluids to give the more accurate results. For example, in the first order
corrections, the v
c
terms of shear, bulk, heat flux and energy momentum tensors are used.
The shear and shear stress viscosity energy momentum tensors of relativistic fluids
have 16 non-zero components, but the shear and shear stress viscosity energy momentum
tensors of non-relativistic fluids have 9 non-zero components. Relativistic heat flux energy
momentum has 16 non-zero components but all components of non-relativistic heat flux
energy momentum are dispensable. The non-relativistic bulk tensor just have three diagonal
components which is proportional to ∇·~v, but in the relativistic bulk tensor 16 components
are seen, also, time derivative of velocity has influences in the diagonal spatial components.
In the non- relativistic fluids, shear and shear stress viscosity energy momentum tensors is
generated by spatial derivatives of velocity, but in the relativistic fluids, time and spatial
derivatives of velocity create shear and shear stress viscosity energy momentum tensors.
In the non-relativistic fluids, heat flux is generated with the spatial derivatives of tem-
perature, so, i (i is for spatial components) component is proportional to ∂T
∂xi
. But the
relativistic heat flux is generated with the time and spatial derivatives of velocity and tem-
perature. So, in the i component of heat flux, all components of ∂T
∂xj
is seen. Specially we
see that, in the relativistic fluids the heat flux is generated in a constant temperature.
In the relativistic fluids, the energy density is the same in two coordinate systems. In
the energy density of viscosity the important terms are generated by the spatial derivative
of velocity, also the main terms of heat flux energy density are produced by the gradient
of velocity, so the time derivatives of velocity, temperature, etc are not important in the
energy density. Energy density includes influences of perfect fluid, shear stress viscosity
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and heat flux, but, in the non-relativistic fluids, the influences of shear stress viscosity and
heat flux are not seen in the energy.
14 Some examples and best-practices
A Projection tensor
The components of projection tensor are derived from equation (2.8) in cylindrical and
spherical coordinate systems.
A.1 In the cylindrical coordinate system
The components of projection tensor hµν in the iso-dimension sale coordinate are shown as
h00 = −1 + γ2 =
v2
c2
+O(
1
c4
), h0r =
γ2r˙
c
=
r˙
c
(1 +
v2
c2
) +O(
1
c5
),
h0ψ =
lγ2θ˙
c
=
lθ˙
c
(1 +
v2
c2
) +O(
1
c5
), h0z =
γ2z˙
c
=
z˙
c
(1 +
v2
c2
) +O(
1
c5
),
hrr = 1 +
γ2r˙2
c2
= 1 +
r˙2
c2
+O(
1
c4
), hψr =
lγ2r˙θ˙
c2
=
lr˙θ˙
c2
+O(
1
c4
),
hrz =
γ2r˙z˙
c2
=
r˙z˙
c2
+O(
1
c4
), hψψ =
l2
r2
+
l2γ2θ˙2
c2
=
l2
r2
+
l2θ˙2
c2
+O(
1
c4
),
hψz =
lγ2θ˙z˙
c2
=
lθ˙z˙
c2
+O(
1
c4
), hzz = 1 +
γ2z˙2
c2
= 1 +
z˙2
c2
+O(
1
c4
).
(A.1)
A.2 In the spherical coordinate system
The components of projection tensor in the iso-dimension sale coordinate in the spherical
coordinate system are
h00 =
v2
c2
+O(
1
c4
), h0r =
r˙
c
(1 +
v2
c2
) +O(
1
c5
),
htψ =
lθ˙
c
(1 +
v2
c2
) +O(
1
c5
), htϕ =
lφ˙
c
(1 +
v2
c2
) +O(
1
c5
),
hrr = 1 +
r˙2
c2
, hrψ =
lr˙θ˙
c2
+O(
1
c4
),
hrϕ =
lr˙φ˙
c2
+O(
1
c4
), hψψ =
l2
r2
+
l2θ˙2
c2
+O(
1
c4
),
hψϕ =
l2θ˙φ˙
c2
+O(
1
c4
) hϕϕ =
l2
r2sin2θ
+
l2φ˙2
c2
+O(
1
c4
).
(A.2)
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